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Abstract 



We propose a Kaluza-Klein approach to general relativity of 4-dimensional 
spacetimes. This approach is based on the (2,2)-splitting of a generic 4- 
dimensional spacetime, which is viewed as a local product of a (1+1)- 
dimensional base manifold and a 2-dimensional fibre space. In this Kaluza- 
Klein formalism we find that general relativity of 4-dimensional spacetimes 
can be interpreted in a natural way as a (l+l)-dimensional gauge theory. In 
a gauge where the (l+l)-dimensional metric can be written as the Polyakov 
metric, the action is describable as a (l+l)-dimensional Yang-Mills type gauge 
theory action coupled to a (l+l)-dimensional non- linear sigma field and a 
scalar field, subject to the constraint equations associated with the diffeomor- 
phism invariance of the (l+l)-dimensional base manifold. Diffeomorphisms 
along the fibre directions show up as the Yang- Mills type gauge symmetries, 
giving rise to the Gauss-law constraints. We also present the Einstein's equa- 
tions in the Polyakov gauge and discuss them from the (l+l)-dimensional 
gauge theory point of view. Finally we show that this Kaluza-Klein formal- 
ism is closely related to the null hypersurface formalism of general relativity. 
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I. INTRODUCTION 



The exact correspondence of the Euclidean self-dual Einstein's equations to the equa- 
tions of motion of 2- dimensional non-linear sigma models with the target space as the area- 
preserving diffeomorphism of 2-surface |J has inspired us to look further into the intriguing 
question whether the full-fledged general relativity of 4-dimensional spacetimes can be also 
formulated as a certain (l+l)-dimensional field theory. Recently we have shown that such 
a description is indeed possible, by rewriting the Einstein-Hilbert action of general relativ- 
ity of 4-dimensional spacetimes as a 4-dimensional Kaluza-Klein (KK) action 0-U in the 
framework of the (2,2)-decomposition of spacetimes. In this KK approach, the 4-dimensional 
spacetime is viewed, at least for a finite range of spacetime, as a locally fibred manifold that 
consists of a (l+l)-dimensional base manifold and a 2-dimensional "auxiliary" fibre space. 
Remarkably, it turns out that the KK approach, which is often thought a means of dimen- 
sional reduction to 4-dimensional spacetimes from higher dimensions via isometries, can be 
made a useful tool for studying general relativity of a generic spacetime of 4-dimensions from 
the perspective of lower dimensional spacetimes such as the (l+l)-dimensional spacetime, 
for instance. 

There are certain advantages of this 4-dimensional KK approach to general relativity 
in the (2,2)-splitting, which led us to develop this formalism. Here we list a few of them. 
First of all, in (l+l)-dimensions, there exist a number of field theoretic methods recently 
developed thanks to the string-related theories. Hopefully the rich mathematical methods 
suitable for (l+l)-dimensional field theories might also prove useful in studying certain 
aspects of general relativity of 4-dimensional spacetimes, provided that a sensible (1+1)- 
dimensional field theory description of such spacetimes is available. In fact, in this KK 
approach based on the (2,2)-splitting of spacetime, it will be seen that general relativity can 
be understood in a natural way as a (l+l)-dimensional Yang-Mills type gauge theory coupled 
to a (l+l)-dimensional non-linear sigma field and a scalar field, with built-in symmetries 
and interactions prescribed by the diffeomorphism invariance of the associated 4-dimensional 
spacetimes. 

Second, this Yang-Mills type gauge theory description of general relativity simplifies 
considerably certain issues concerned with the constraints. In Yang-Mills type theories, it is 
well-known that the Gauss-law constraints associated with the Yang-Mills gauge invariance 
can be made trivial, if we consider physical, gauge invariant quantities only. Thus, in 
principle, one might expect that the problem of solving constraints of general relativity 
could be made trivial, at least for some of them, if such a gauge theory description is 
possible. In the (2,2)-KK approach, the relevant constraints that can be treated this way 
are those associated with the group of diffeomorphisms of the 2-dimensional fibre space, 
not the entire 4-dimensional spacetime. Of course the remaining two constraints must be 
studied separately ||. 

Third, in the null hypersurface formalism, it is well-known that the exact gravitational 
wave degrees of freedom reside in the conformal 2-geometry of the wave front 2-surface, 
transverse to the propagation direction of the gravitational wave. This identification of 
the exact gravitational degrees of freedom has been particularly useful in the analysis of 
gravitational waves in the asymptotically flat spacetimes ||[7[], and in the asymptotic quan- 
tization [^-[T0[] and in the canonical analysis of the null hypersurface formalism fTTHT3 



in 
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the hope of getting quantum theory of gravity by quantizing the true physical degrees of 
freedom of gravitational field. It turns out, as we shall see later, that the (2,2)-KK formal- 
ism is in essence a novel reinterpretation of the null hypersurface formalism of 4-dimensional 
vacuum general relativity from a (l+l)-dimensional point of view, using the Kaluza-Klein 
ideas. Therefore we expect that this (2,2)-KK formalism will be most appropriate for study- 
ing problems involving gravitational waves such as scatterings of gravitational waves, and 
quantizing gravitational waves, or perhaps for quantum gravity. 

Fourth, it is well-known that the null hypersurface formalism, particularly the Newman- 
Penrose formalism, is outstanding as a method of finding exact solutions of the Einstein's 
equations. We expect that this feature will also survive in the (2,2)-KK formalism, in view 
of the manifest correspondence of both formalisms, as is shown in section [V| and |V| . 

Last, but not the least, this (2,2)-KK formalism brings about unusual conceptual issues 
related to the interpretation of general relativity. Namely, this (l+l)-dimensional descrip- 
tion of 4-dimensional spacetimes allows us to forget about the 4-dimensional spacetime 
picture of general relativity: instead, it enables us to study the subject much the way as we 
study Yang-Mills type gauge theories coupled to matter fields in (l+l)-dimensions, where 
the Yang-Mills gauge symmetry is an infinite dimensional group of diffeomorphisms of the 
2-dimensional fibre space. Apart from the technical questions such as how to deal with 
such an infinite dimensional group of diffeomorphisms, this (l+l)-dimensional field theory 
description certainly puts 4-dimensional spacetime physics into a completely new perspec- 
tive, from which a number of interesting speculations on general relativity of 4-dimensional 
spacetimes could be put forward. 

In view of these advantages of the KK formalism in the (2,2)-splitting and the related 
null hypersurface formalism, it therefore seems worth exploring the (2,2)-KK formalism 
carefully in order to see what could be learned more about general relativity of 4-dimensional 
spacetimes. This paper is organized as follows. In section |J, we shall outline the general 
(2,2)-decomposition of 4-dimensional spacetimes, and introduce the KK variables without 
assuming any spacetime Killing vector fields. It will be seen that the Lie derivative, rather 
than the metric-compatible covariant derivative, appears naturally in this formalism. We 
defer the details of computations to Appendix |B[ 

In section pi , we shall introduce a coordinate condition, known as the Polyakov gauge 
in the literatures on (l+l)-dimensional field theories. In the Polyakov gauge, the scalar 
curvature of 4-dimensional spacetime is found to assume a surprisingly simple form that 
permits a natural (l+l)-dimensional field theoretic interpretation. 

In section [IV|, we shall present the Einstein's equations in the Polyakov gauge in terms 
of the KK variables. The natural time coordinate in this formalism is found to be the affine 
parameter of the null geodesies. It is worth noting that one of the Einstein's equations in 
this formalism can be written in a form of the Schrodinger equation, reminiscent of the Brill 
wave equation. 

In section [Vj, a review of the null hypersurface formalism is given, and the relation be- 
tween the KK variables and the null tetrads is explicitly shown. Then, in section [VII we 
shall establish the correspondence between the KK field equations and the Einstein's equa- 
tions, using the well-known classification of the Einstein's equations in the null hypersurface 



formalism. We summarize this paper in section VII 



In Appendix [A], we shall find the transformation properties of the KK variables without 
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assuming any spacetime Killing vector fields, and identify the KK scalar, tensor and gauge 
fields in the absence of such Killing vector fields. In Appendix [B|, we shall present the 
prescription of computing the scalar curvature of 4-dimensional spacetimes, using the KK 
variables. The intermediate steps of computations are also presented, in the hope that 
computations can be relatively easily checked. We shall also present the surface terms in 
the action integral for future references, although we shall not use them in this paper. In 
Appendix O, it is shown that k 2 , which appears in the discussion of the Einstein's equations 
in section [IV], is positive definite. 



II. KALUZA-KLEIN FORMALISM IN THE (2,2)-SPLITTING OF SPACETIMES 

In this section we shall describe the general (2,2)-decomposition of 4-dimensional space- 
times from the KK perspective, where spacetime is viewed as a locally fibred manifold, i.e. 
a local direct product of a (l+l)-dimensional base manifold M 1+1 and a 2-dimensional fibre 
space N 2 , for which we introduce two pairs of basis vector fields <9 M = djdx^ (ji = 0, 1) and 
d a = d/dy a (a = 2,3), respectively. Let us denote by the vector fields tangent to the 
horizontal space, orthogonal to the fibre space AT 2 . These horizontal vector fields can be 
written as linear combinations of <9 M and d a , 

d li = d ll - A;d a , (2.i) 

where are the coefficient functions of the linear combinations. Let us denote by 7 M „ the 
metric on the horizontal space, and by <p a b the metric on A^, respectively. Then, without 



loss of generality, the line element of the 4-dimensional spacetime can be written as [14,15 
ds 2 = liiv dx»dx v + (f) ab (dy a + A^dx") (dy b + A b dx u ) , (2.2) 
or in components, 

9AB ~{ 4> ab Aj ^ J' (2 ' 3) 

where A = (/1, a). Formally this metric looks similar to the "dimensionally reduced" metric 
in standard KK theories, but in fact it is quite different. In the standard KK reduction we 
normally assume isometries, and the dimensional reduction is made by projection along the 
directions generated by these isometries. There the fields A® are identified as the KK gauge 
fields associated with the isometry group. In this paper, we do not assume such isometries: 
nevertheless, it turns out that the KK idea still works. To see this, let us consider the 
following coordinate transformations of (diffTV^), while keeping x^ constant, 

y' a = y' a (x,y), 

= x», (2.4) 

where y' a (x,y) is an arbitrary function of x M and y a . Under these transformations, we find 
the metric coefficients transform as (see Appendix [AJ), 
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dy c dy d 

W> y') = |^>> y) - d,y' a (x, y), (2.6) 
7^', v') =litu(x,y), (2.7) 



which follows from the invariance of the line element (|2.2j ) under the diffiV 2 transformations. 
Under the corresponding infinitesimal transformation 

5y a = C(x,y) (0(e 2 )«l), 

5x" = 0, (2.8) 
where £ a (x,y) is an arbitrary function of x M and y a , the fields transform as 

5<pab(x,y) = -£ c d c <Pab - (d a £ c )0c& - (d&D^oc 

= -[e,0]La 6 , (2.9) 

sa;(x, y) = -d,c + A c ^d c e - co c a; 

= -d,C + £ A ^ a 

= -d^ + [A m £]£, (2.10) 
5^ v (x,y) = -Cd^ 

= -%l^V- (2-11) 

Here £ = £ t a (x ) y)d a and = A^(x,y)d a are vector fields tangent to N 2 , and the brackets 
with the subscript l stand for the Lie derivatives^ Associated with this diff7V2 transforma- 
tion, the diffiVVcovariant derivative is defined naturally as 

D ll = d li -[A li , ] L . (2.12) 

With this definition, it follows that 

5A; = -D,C, (2.13) 

which clearly indicates that A^ are the gauge fields valued in the infinite dimensional Lie 
algebra of diff/VV Moreover, a covariant derivative of the field <f> a b is defined as 

D^ab = d^ab - [Afj,, (f)] Lab 

= d^ ab - A^ ah - {d a A^ bc - (<9 6 A;)0 ac . (2.14) 
The field strength F^ v a corresponding to A^ can now be defined as 



1 Here the Lie derivative is defined such that it acts on the fibre space indices a, b, c, ■ ■ ■ only. 
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= d,A u a - b u a; - A;a c A u a + a u c o c a;. (2.15) 

As is shown in Appendix [A], D^(f) ab and F a transform covariantly under the infinitesimal 
transformation (12. i 



S(D^ ab ) = -ed c {D^ ab ) - (9„a^i) - (d b e)(D^ ac ) 

= -[£,D^] Lab , (2.16) 

8 V = ~ed b + F^d b { a 

= -[£,«■ (2-17) 

It must be marked here that, in the (2,2)-KK formalism, the Lie derivative, rather than the 
covariant derivative, appears naturally^. Particularly, in the defining equation ( |2.12j ) of the 
diffAVcovariant derivative, the Lie derivative along the vector fields A^ is formally identical 
to the Lie commutator through which the minimal couplings to gauge fields are introduced 
in conventional gauge theories. Together with the fact that the Lie derivative and the Lie 
commutator, which is usually represented by a finite dimensional matrix commutator, share 
the same Lie algebraic properties at the abstract level, this observation suggests that the 
Lie derivative, associated with difLV 2 here, may be viewed as a natural infinite dimensional 
generalization of the finite dimensional matrix commutator. The appearance of an infinite 
dimensional symmetry such as diflW 2 is not that surprising, since in general relativity the 
underlying symmetry is the infinite dimensional group of diffeomorphisms of 4-dimensional 
spacetime. It is the diffA 2 symmetry, the subgroup of diffeomorphisms of 4-dimensional 
spacetime, that shows up as a local gauge symmetry^ of the Yang-Mills type, where the 
usual minimal couplings are replaced by the Lie derivatives along the vector fields A^. We 
also note that <ft ab and 7^ transform as a tensor field and scalar fields under the diflA^ 
transformations, respectively, as can be seen from (|2.9| ) and ( |2.11|) . This implies that the 



(2,2)-KK formalism can be made a viable method of studying general relativity from the 
standpoint of (l+l)-dimensional gauge theories with an infinite dimensional gauge symmetry 
of the Yang-Mills type. 

The prescription to obtain the scalar curvature of 4-dimensional spacetime in terms of 
the KK variables is given in Appendix |B[ Here we present the result only. It is given by 

R = Y v R,u + r c R ac + \r v T P 4> ab F m a F v * + ^ v <P ah <f> cd {(F>^ac)(D v( f> bd ) 

+ (V^ + T c ;)f + (V a + f a :)f, (2.18) 



2 There are occasions when the Lie derivative becomes the natural derivative operator. For 
instance, at null infinity T + , the natural derivative operator is the Lie derivative, rather than the 
covariant derivative Va, because the metric on T + is degenerate with signature (0, +, +) ||16|| . 

3 Here local means local in the (l+l)-dimensional base manifold Mi + \. 
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using the notations denned in Appendix [B]. The Einstein-Hilbert action is given by the 
integral 

S = Jd 2 xd 2 y^^^4>R, (2.19) 

where 7 = detj^ and = det0 a fe. One can easily recognize that this action is in a form 
of a (l+l)-dimensional field theory action. In geometrical terms the above action can be 
understood as follows. First, 7^-R^ is the scalar curvature^ of the horizontal 2-space normal 
to the fibre space N 2 . Second, <p ac R ac is the scalar curvature of N 2 . When integrated over 
N 2 , it becomes a number proportional to the Euler characteristics of the fibre space N 2 . 
Namely, by the Gauss-Bonnet theorem, we have 

Jd 2 y^4> ( f ) ac R ac = -Airx, (2.20) 

where x is the Euler characteristics^. Third, apart from the last two terms containing j M 
and j a , which are surface terms as is shown in Appendix |B|, the remaining terms in (|2.18|) 
are the extrinsic terms, telling how the two 2-surfaces are embedded into the enveloping 
4-dimensional spacetime. They are the Yang-Mills term, and a generic non-linear sigma 
model and a scalar field term. Thus, the Einstein-Hilbert action is describable as a (1+1)- 
dimensional Yang-Mills type gauge theory coupled to a (l+l)-dimensional non-linear sigma 
field and scalar fields of generic types, with intrinsic curvature terms of the two 2-surfaces. 
The associated Yang-Mills gauge symmetry is the group of diffeomorphisms of N 2 . 

Although the action ( |2.19|) already has several features of gauge theories as described 
above, it appears rather complicated that its practical value is a bit obscure. In the following 
section, we will find a simple action integral, more faithful to the spirit of gauge theories, by 
suitably gauge-fixing some of the spacetime diffeomorphisms. This gauge-fixing brings out 
the Yang-Mills aspects of general relativity more clearly, as we shall see shortly. 

III. KALUZA-KLEIN FORMALISM IN POLYAKOV GAUGE 

In the previous section we presented the Einstein-Hilbert action in the general (2, 2)- 
splitting of spacetimes in terms of the KK variables. The most noticeable features of the 
above formalism, among others, are that the diffiV2 symmetry appears as the built-in local 
gauge symmetry of the Yang-Mills type and that can be identified as the associated 
gauge fields. Let us recall that we can always gauge away two functions in the metric 7^ by 
a suitable coordinate transformation, so that the metric can be written as, at least locally, 



4 It may be worth noting that, from the standpoint of the (l+l)-dimensional base manifold 
the scalar curvature of the horizontal space looks like a "gauged" scalar curvature in that it has 
the diffiVVvalued gauge fields coupled to 7^ in the curvature formula (|B34| ). 

Note that the extra minus sign in ( gjOD is due to our sign convention of curvature formula, 
which is the minus of more conventional one [|n|. For instance x is 2 for S 2 . 
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Let (w, f ) be a new coordinate system on M 1+1 , in which the metric 7 M „ is of the form ( |3.1|) . 
In the coordinate (w, t>, y a ), the line element (^2) in section [II] becomes 

ds 2 = -2 ducfo - 2h du 2 + </> afe (dy a + A + a dw + A_ a rfw) (dy b + + A_ b cfo) . (3.2) 

It is easy to see that the remaining fields <p a bi A± , and ft, still transform as a tensor field, 
gauge fields, and a scalar field, respectively, under the diffA^2 transformations. Under the 
diffA^2 transformations 

y' a = y' a {u,v,y), v! = u, v' = v, (3.3) 

we find that a b, A±, and ft, transform as 

dy c dy 1 ^ 

<j)' ab (u', v, y') = , a , b (j) cd {u, v, y), (3.4) 

Al a (u',v',y') = ^A^u,v,y)-d ± y' a (u,v,y), (3.5) 
h'(u',v',y') = h(u,v,y), (3.6) 
where d+ = d/du and <9_ = d/dv. Under the corresponding infinitesimal transformations 

5y a = e(u 7 v,y) (0(£ 2 ) « 1), 

Su = 5v = 0, (3.7) 



they transform as 



6cj) ab (u,v,y) = -[£,0]lo6, (3.8) 

<L4 ± >, u, y) = -L> ± e = -s ± r + [a±, (3.9) 

M(u,<y,y) = (3.10) 
Here the Lie derivatives are defined as before, 

[f , <PVab = C9c<f>ab + (daC)<f>cb + (^D^ac, (3.11) 

[^^A^e-r-w, (312 ) 

%h] h = Cd c h. (3.13) 

This observation tells us two things. First, diffA^ is (a part of) the residual symmetry of 
the line element ( p. 2D , and the presence of this residual symmetry allows us to reduce the 
metric further. To see this, let us consider the following infinitesimal transformation of the 
gauge field v4_ a , 

A'_ a = A*-d_£ a + [A_,f]£. (3.14) 
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Let £ a be a solution of the equation A^ a = 0. This equation defines a system of the first- 
order linear partial differential equations [I7| for £ a . The existence of a solution of the above 



equation implies that we can always choose the gauge condition 

A'_ a = 0, 



(3.15) 



at least locally. When this condition is satisfied, the line element can be written as 

ds 2 = -2 dudv - 2h du 2 + a6 (dy a + A^duj (dy b + A^duj , (3.16) 
and its inverse metric is given by 



-.AB 



( 



\ 



-1 
-1 2h 
Af 





±ab 



(3.17) 



The coordinate system in which the metric is of the form ( |3.16| ) shall be referred to as the 
Newman-Unti coordinate for reasons that will become clear in section |V|. Here we 
simply note that the u = constant surface in ( |3.16|) is a degenerate null hypersurface. The 
null vector field that lies in the null hypersurface is d/dv, since it has a zero norm. In each 
null hypersurface labeled by u, the v = constant section defines a 2-dimensional spacelike 
surface N2 transverse to the vector field d/dv. In order to exhibit the diffA^2 symmetry 
manifest, however, we shall work mostly with the line element (|3.2|) without picking up the 
condition ( |3.15| ), although we can always enforce this condition whenever necessary. Second, 
it is clear that diff/V^ can be still viewed as the local gauge symmetry of the Yang-Mills type, 
in view of the transformation properties of the fields. 

The scalar curvature of 4-dimensional spacetime in the Polyakov gauge (|3.1|) can be 



written in a remarkably simple form. In order to see this, let us compute each term in (p. 18 
in section using the Polyakov metric. The formulae for the connection coefficients T 
are given in (|B14j ) in Appendix |B|, which become, in the Polyakov gauge, 



r + = — r ~ — — f 
1 ++ 1 +- 1 — 

f " = D+h + 2hD_h, 



(3.18) 



and zero otherwise. Here D±h, the diffA^-covariant derivatives of the scalar field h, are 
defined as 



D±h = d±h-[A±,h] 
= d±h - A^dji. 

The Ricci tensor R pv of the horizontal 2-space is given in ( |B34| ) in Appendix 
become, in the Polyakov gauge, 

= 0, 

= iL+ = -D 2 _h, 
R ++ = D + D_h - D_D + h - 2hD 2 _h 
= -F"d a h - 2hD 2 _h, 



(3.19) 
They 



^3.20) 
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where in the last line we used the identity 

D + D_h - D_D + h = -F"d a h, (3.21) 



where 



Therefore we have 



F + _ a = d+A_ a - d_A + a - [A+, A-\l. (3.22) 



= 2D 2 _h. (3.23) 



Let us further notice that 



r v d alllv = -JLd aV ^ = 0, (3.24) 

since \f—^f = 1. Also we have 

J^J al3 (d a ^a)(d b j„p) = 0, (3.25) 
since 7 ++ = and 7 + ~ = — 1. Therefore it follows that 

\r b Y u l aP {(dal,a)(d b i^) - {d al » v ){d hla p)} = 0, (3.26) 

provided that the Polyakov gauge is chosen. The terms containing -D±0 a b must also be 
written in this gauge. The diffiVVcovariant derivative of cj) ab in the Polyakov gauge is defined 
as 

D±4>ab = d±4> ab - [A±, <f)] Lab 

= d ± <t> ab - A^d c( j) ab - (<9 a A ± c )0 cb - (<9 b A ± c )0 ac . (3.27) 

It is well-known that, in the null hypersurface formalism of general relativity, the transverse 
2-metric with a unit determinant, i.e. the conformal 2-metric [f?],[T9| represents the two 
physical degrees of freedom of gravitational fieldF]. Let us therefore decompose the metric 
(pab of the fibre space N 2 into a volume field <fi and a conformal 2-metric p a b, 



<fiab = \f4> Pah = e a pah, (3.28) 

where p ab satisfies the condition 

det p ab = 1, (3.29) 



6 The gauge in which the metric is of the form ([T^) may be viewed as an analog of the Coulomb 
gauge in Maxwell's theory, where the physical degrees of freedom are the transverse traceless vector 
potentials, since a finite generalization of traceless condition is a unit determinant condition. 
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so that = det 4> ab . The field a is related to <p by the equation 

a = - In <b. 

2 y 



(3.30) 



Notice that p a b is a tensor density with the weight +1, and that is a scalar density with 
the weight —2 with respect to the diffiV2 transformation, respectively. Therefore the diff/VV 
covariant derivatives^ of p a b and are naturally given by 



D±pab = d±p ab - [A±,p] Lab 

= d±p ab - A±d c p ab - (d a A±)p cb - (d b A±)p ac + (d c A±)p a 
£±0 = <9±0-L4 ± ,0] L 

= <9±0 - A«d a <P - 2(cW)0, 



(3.31) 
(3.32) 



respectively. The diffiVVcovariant of a follows automatically from ( 3.32|) 



D±a = d±a - [A±, a) h 

= d±a - A*d a a - d a A*. 

Using the identity 

p ab D ±Pab = 0, 

which IS ClS db trivial consequence of (|3.29|) and ( [3.31D , we find that 



(3.33) 



(3.34) 



b D ± ct> ab = e^p ah {e ( '(D ± a) Pab + e"D ±Pab } 
= 2D±a. 



(3.35) 



Let us notice that we also have 

0^(1^0^) (D_0 M ) 

= e- 2 >"V d {e ff (D ±( T)p flC + e°(D ±Pac )}{e°(D_a)p bd + e a (D„p bd )} 

= 2(D ± a)(D_a) + p ab (D ± a)(D_p ab ) + p ab (D_a)(D ±Pab ) + p ab p cd (D ±Pac )(D.p bd ) 

= 2{D±a){D_a) + p ab p cd (D ±Pac )(D_p bd ), (3.36) 

using the equation (|3.34|) . Therefore the term containing D±(p ab becomes 



-^<p ab <P cd {{D^ ac ){D v <p hd ) - {D^ ab )(D v <p cd )} 

(D + a)(D_a) - \p ab 'p cd (D +Pac )(D^p bd ) - h{(D_a) 2 - ±p ab p cd (D_p ac )(D„p bd )}. (3.37) 



7 In general, for the tensor density T ab ... with the weight w with respect to the diffA r 2 transforma- 
tions, we have D±T ab ... = d±T ab ... — [A±, T]^ ab ..., which includes the term +w(d c A±)T ab .... 
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Also the Yang-Mills type term becomes, 



-e°p ah F + «F + b _. 



(3.38) 



The remaining terms are the surface terms when integrated over the spacetime coordinates, 
as is shown in Appendix |B|. For completeness, we shall evaluate them in the Polyakov gauge, 
using the defining equations of j ± and j a , 



f = r 



as is given in (|B41|) and ( |B42|) in Appendix ||. From the equation ( 3.24 ) we have 



and j are found to be 



f = 0, 



-2£>_cx, 



-2D + a + AhD_a. 



(3.39) 
(3.40) 



(3.41) 



(3.42) 
(3.43) 



Therefore the surface term containing becomes, 

v, + f c ;)f = b,f + f^f + f c ;f 

= o +J + + a_r + f ++ +j+ + t_ + -j+ + f c+ c j + + f c _ c r 
= (^ + + r c+ c )i + + (a_ + f c _ c )r, 

where we used the identities 



(3.44) 



r 



o. 



-r 



-D-h. 



Using the equation 



T c± c = D ± a, 



(3.45) 



(3.46) 



which follows from ( |B27| ) in Appendix [B| and ( |3.35| ), the surface term finally becomes, 

(V, + t c ;)f = -2(d + - A + a d a + D + a) (D_a) 

-2 (d- - A^d a + D_o) (D+a - 2hD_a) . (3.47) 



Thus, putting the equations flOg) , (|3T26D , (|£57D , ( jgjg) , and JQ7D all together into (pT8|) 
in section U we obtain the scalar curvature^] -R p of 4-dimensional spacetime in the Polyakov 
gauge. It is given by 



Here the subscript p means that the quantity was evaluated in the Polyakov gauge. 
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R P = R 2 + 2D 2 _h - h°p ab F + «F + b + (D + a)(D_a) - ^p ab p cd (D +Pac )(D_p bd ) 

-h{(D„a) 2 - l -p ab p cd (D„p ac )(D^p bd )} - 2(d + - A + a d a + D + a)(D_a) 

-2 (<9_ - A*d a + D_o) (d + o - 2hD_o) , (3.48) 

where R 2 = <f) ac R ac is the scalar curvature of the fibre space N 2 . The integral of R p over the 
4-dimensional spacetime, which we denote by 5* p , is given by 



S p = Jdudvd 2 ye a R p , 



(3.49) 



since y/~ 7 = 1. Ignoring the surface integrals coming from the last two terms in R p , the 
integral S p can be written as 

S p = Jdudvd 2 y [ - l -e 2 °p ab F + «F + b + e a (D + a)(D„a) - V p ab p cd (D + p ac )(D_ 

+e°R 2 + 2e°D 2 _h - he°{(D_a) 2 - l -p ab p cd (D„p ac )(D^p bd )} 
+ surface terms. (3.50) 

Let us now notice that the term e a D 2 h can be written as 



e a D 2 _h = -e a (D_a)(D^h) + D_(e a D_h 



= -e° (D_a)(D_h) + <9_(e a D„h) -d a [A*e a D_h 
But the first term in fl3.51| ) becomes 

-e a (D_a)(D_h) 
= hD^(e a D_a) - D_{he a D_o) 

= he a {D 2 _a) + he a {D_a) 2 - dJhe a D„a) 4 0„ ( I>A"o a D-a 
Therefore we find that e a D 2 h becomes 



(3.51) 



(3.52) 



e u D 2 _h = he a (D 2 _a) + he a (D„a) 2 + d„(e a D_h) - d_(he a D_a^ 

-d a (A*e° D^h) + d a (hA°e a D_o). (3.53) 

Thus the integral S p becomes 

S p = Jdudvd 2 y [ - ^e 2 ° Pab F + «F + b + e° \D+a){D-o) - ]f p ab p cd (D + p ac )(D^p bd ) 
+e°R 2 + 2he°{D 2 _ a + l -(D_a) 2 + -p ab p cd (D_p ac )(D„p bd )} 



+surface terms 

J du dv d 2 y C p + surface terms, 



(3.54) 
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where the integrand C p is defined as 

£ p = -U 2 ° Pab F + *F + b _ + e°(D + a)(D_a) - ^ p ab p cd (D +Pac )(D_p bd ) 

+e a R 2 + 2he a {D 2 _a + \{D-af + \p ah p cd {D.p ac ){D^p bd )}. (3.55) 

This Lagrangian density C p can be naturally interpreted as describing the Yang-Mills type 
gauge theory defined on the (l+l)-dimensional base manifold M 1+1 , interacting with the 
(l+l)-dimensional "matter" fields p ab and a. The associated local gauge symmetry is the 
built-in diffAT 2 symmetry, the group of diffeomorphisms of the fibre space N 2 . It must be 
mentioned here that each term in (|3.55| ) is manifestly diff ^-invariant, and that the in- 
dependence of each term is completely hidden in the Lie derivative. In this sense we may 
view the fibre space N 2 as a kind of internal space 9 as in Yang-Mills theory. 

In order to derive the Einstein's equations as the Euler-Lagrange equations of motion 
in this KK formalism, the Lagrangian density C p must be implemented with two equations 
associated with gauge-fixing of the metric 7^ of the horizontal 2-space to the Polyakov 
metric. Notice that the eight field equations are obtainable from the Lagrangian density C p . 
In order to find the remaining two equations, we have to vary the general Einstein-Hilbert 

action ( |2.19|) in section [H] with respect to the general functions 7+_ and 7 , and then use 

the Polyakov gauge condition 7 + _ = — 1 and 7 = at the end of the variations. In 

the next section we shall present the ten Einstein's equations without giving the details of 
derivations. 



IV. THE EINSTEIN'S EQUATIONS 

In this section we present the ten Einstein's equations. The eight equations can be 
obtained by varying C p with respect to h, A±, a, and p ab subject to a unit determinant 
condition. In order to enforce this condition, we must add to L p a Lagrange multiplier term 

A(detp a6 -l), (4.1) 

where A is a Lagrange multiplier to be determined. The eight Einstein's equations are as 
follows: 

(a) 2e°(D 2 _ a) + e°(D^a) 2 + ^ p ab p cd (D_p ac )(D_p bd ) = 0, (4.2) 

(b) J D_(e 2CT Pa6 F + _ fe ) - e a d a (D-<r) - V p bc p de {D_p bd ){d aPce ) + d b (e° p bc D„p ac ) 

= 0, ~ (4.3) 



9 The integration over the ^"-coordinates in ( |3.54| ) might be viewed as an infinite dimensional 
generalization of taking finite dimensional trace over the fibre space indices in Yang-Mills theories 
with some finite dimensional gauge symmetries. 
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(c) -D + (>p afe F + „ b ) - e°d a (D + a) - ]f p bc p de {D +Pbd ){d aPce ) 
+d b (e°p bc D +Pac ) + 2he°d a (D_a) + he* p bc p de (D„p bd )(d aPce ) + 2e°d a (D_h) 
-2d b (he°p bc D^ Pac ) = 0, (4.4) 

(d) ~2e a D 2 _h - 2e a (D_h)(D_a) + e a D + D_a + e a D_D + a + e a (D + a)(D_a) 

+ \e a p ab p cd {D +Pac ){D„p bd ) + e 2 °p ab F + *F + * - 2he°{D 2 _a + ^P-^) 2 

+ ± p «» p ^(D_ Pac )(D_p bd )} = J (4.5) 

(e) /i{e^!p a6 - e°p cd {D_p ac ){D_ Pbd ) + e CT ( J D_p afc )( J D_a)} 
-~e CT (L> +J D_p a6 + D_D +Pab ) + ie CT p C(i {( J D_p ac )( J D + p M ) + (Z^p^p+p^)} 
- l -e°{{D_p ab ){D + a) + (L> + p ab )(£>-<7)} 

+e CT ( J D_p a6 )( J D_/i) + ^e 2 ° P acP bd F + lF + d - ^e 2<J p a6 p cd F + _ c F + _ d = 0. (4.6) 

The remaining two equations associated with the variations with respect to 7 + _ and 7 

are found as follows: 

(/) e a D + D_a + c a D_D + o + 2e a (D + a)(D_a) - 2e a (D_h)(D_a) 

-U 2 ° Pab F + «F + » - e a R 2 - he°{(D_a) 2 - ^p ab p cd (D^p ac )(D_p bd )} = 0, (4.7) 

(g) -e a D 2 + a - -e a (D + a) 2 - e a {D_h){D + o) + e a {D + h){D_o) 

+2he°(D_h)(D_a) + e*F + *d a h - V p ab p cd (D + p ac )(D +Pbd ) + d a (p ab d b h) 

+h{ - e°(D + o)(D_a) + ^ p ab p cd (D +Pac )(D_p bd ) + ±e 2 ° Pab F + «F + b + e CT i? 2 } 

+h 2 e°{{D_a) 2 - \p ab p cd (D_ Pac )(D„p bd )} = 0. (4.8) 



The equations Q4.2D , (|4.3|) , ( |4.4|) , (|4.5| ), and (|4.6|) are the Euler-Lagrange equations of motion 



corresponding to the variations in h, A±, AJ 1 , cx, and p ab} respectively, and the equations 

( P~7|) and ( |4.8|) are the equations of motion of 7 + _ and 7 , respectively. An inspection of 

these equations reveals that the four equations (f4.4|), ([4.7|), and ( [4.8| ) do not contain second- 
order derivative terms in v. This suggests that the affine parameter v may be identified as the 
natural time coordinate in this formalism, and that these four equations are the constraint 
equations restricting the initial value data on the v = constant hypersurface. Since these 
four equations are written in the Polyakov gauge, they are expected to generate the residual 
symmetry^ [H of the line element ( |3.2| ), i.e. the symmetry that survives after the Polyakov 
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For the residual symmetry of this kind, see the discussions in for instance 
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gauge is chosen. Thus, the equations (|4.4|) generate the diffA^ 2 symmetry, and the equa- 
tions (|4.7f) and (|4.8|) generate the residual symmetry associated with the reparametrization 
invariance of the (l+l)-dimensional base manifold M 1+1 . 



The remaining equations (|4.2| ), (|4.3| ), Q4.5|) and fl4.6|) are the evolution equations since 



they contain the second-order f-time derivatives. Notice that the equation ( [4.2| ) can be 
written in a form of the Schrodinger equation. Using the identity 

2 D 2 _e°' 2 = e^ 2 {D 2 _a + ^(D_a) 2 }, (4.9) 

the equation ( |4.2j ) becomes 

D 2 _ip + K 2 ip = 0, (4.10) 

where 

K 2 = l pa b p cd {D _ pac){D pbd) > , (4n) 

In Appendix |C| it is shown that k 2 is positive definite. It is a bilinear combination of the 

gravitational current j a b , 

r b = p ac D_ Pch , (4.12) 

formed by the conformal 2-metric p a b and its first f-time derivative. Since the true gravita- 
tional degrees of freedom are known to reside in the conformal 2-metric p a b, we expect that 
it is the gravitational current j a b that transports the true gravitational degrees of freedom. 
More often than not, important physical quantities appear in bilinear combinations of more 
fundamental quantities. Thus, it is of interest to find what physical quantity h? represents, 
being a bilinear in the "fundamental" gravitational current^. 

The equation ( [4.10 ) is an analog of the Brill wave equation^ ||23|| , as it is of the type of 



the Schrodinger equation for a wave function corresponding to a state of zero energy in the 
potential — k 2 . Thus a is a function that can be determined by the potential — k 2 up to some 
integral "constant" function. The generic behavior of solutions of the equation is therefore 
expected either of the scattering type, or of the bound-state or resonance type, corresponding 
to the asymptotically flat spacetimes or spatially closed universes, respectively, on a par with 
the Brill wave equation. 



11 In the case of the Brill wave equation, this quantity represents a kind of gravitational energies 
associated with gravitational waves. 



12 Although the equation ( 4.10| ) is a three dimensional P.D.E., it can be made a one dimensional 



O.D.E. if the gauge condition AJ 1 = is chosen. Unlike the Brill wave equation, the wave function 
e o-/2 hgj-g i s fa e S q Uare roo t of the conformal factor of the two dimensional wavefront N2, the spatial 
projection of the null hypersurface u = constant. 
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V. THE NULL HYPERSURFACE FORMALISM 



In this section we shall find that the KK formalism presented in previous sections is in 
fact equivalent to the null hypersurface formalism. This becomes quite obvious if we recog- 
nize that the coordinate system in which the Polyakov gauge condition and the extra gauge 



condition v4_ a = are simultaneously valid is precisely the Newman-Unti coordinate [18 



which is usually adopted in the null hypersurface formalism. We shall begin our discussions 
by reviewing how the Newman-Unti coordinate is constructed in the null hypersurface for- 
malism. Let us introduce a null vector field I a, which we may choose to be the minus of the 
gradient of some scalar function u, 

Ia = -Vam. (5.1) 
From this we can define another scalar function v by the equation 

Solving this equation for l A , we find that 

which tells us that v is the (affine) parameter of the null curve generated by l A . Let us 
choose x + = u, x~ = v, and x a = y a (a = 2, 3) as our coordinates. In this coordinate system, 
the components of Ia and l A are given by 

Ia = S A + , l A = $- A , (5-4) 
respectively. From the following identity 

l A = 9 AB Ib = S_ A , (5.5) 

we find that g A+ is given by 

9 A+ = S A = (0, -1, 0, 0). (5.6) 



The coordinate system (u, v, y a ) in which the metric is of the form ( |5.6| ) is called the Newman- 
Unti coordinate, and the metric ( |3.17| ) in section [HI] is precisely of this form. 

The complete set of the null tetrads (/, n, m, m) is defined by the following relations 

/ = n = m = m = I ■ m = n ■ m = (J, 

I ■ n = —1, m • m = 1, (5-7) 

where rh is the complex conjugate of m. In terms of these null tetrads, the metric is given 
by 
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AB = -2n^+2m (A m B \ (5.8) 
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FIGURES 



u — constant 
hyper surface 




2-dimensional 
fibre space JVs 




(«) 



(1 + l)-dimensional 
base manifold M 1+1 



(6) 



FIG. 1. The relation between the kinematics of the null hypersurface formalism and that of the 
Kaluza-Klein formalism in the (2,2)-splitting of spacetime is shown. 

(a) The null hypersurface formalism: a null hypersurface labelled by u = constant is generated by 
a null vector field d/dv and two transverse vector fields d/dy a . 

(b) The Kaluza-Klein formalism: this shows the KK picture of the same geometry from the fibre 
bundle point of view in the (2,2)-splitting of spacetime. Here the (l+l)-dimensional base manifold 
Mi+i is generated by the vector fields d/du and d/dv, and the 2-dimensional fibre space iVjj is 
generated by the vector fields d/dy a . 

In the Newman-Unti coordinate, these null tetrads can be explicitly constructed as fol- 
lows. The first null tetrad I is given by 



/ = V 



d 
dx A 



d_ 

dv' 



(5.9) 



which follows from the equation (|5] 
following condition 



The second null tetrad n is chosen such that the 



l A n A 



-1 (5.10) 
holds. The most general form of n compatible with this condition can be written as 

(5.11) 



d 



n 



n 



dx A 



d d d 
_l_ jj_ |_ x a —— 

du dv dy a ' 



as can be easily confirmed by inspection. The complex null tetrads m and m, which satisfy 
the defining relation ( |5.7|) , with I and n given by ( |5.9|) and ( |5. 1 1|) , respectively, become 
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m = m 



_ _ A 

m = m 



d 


d 




dx A 


dv 


+c 9 

dy a 


d 


_ d 




dx A 


dv 


+e 9 

Qya 



(5.12) 
(5.13) 



where ui and £ a are complex quantities^. Putting together (|5.9Q , ( |5.11|) , ( |5.12|) and (|5.13|) 



into ( |5.8| ), we find that 

7 + " 



g> 1 =g +a = 0, g + ~ = -l, 
g— = -2U + 2ujlu, g~ a = -X a + u£ a + u>£ a , 
g ab _ 2^( a ^). 



(5.14) 



If we compare these metric coefficients with the ones given in ( 3.17 ) in section |ITI , we find 
that the KK variables can be written in terms of the null tetrads as 



2h = -2U + 2ujuj, 

A a = _ x a + + -£a^ 

<j) ab = 2£ {a £ b) . 
Equivalently, the null tetrads can be written as 

dv' 



9 ,a d 

m = on— — h 4 o — , and c.c. 

dv dy a 



(5.15) 
(5.16) 
(5.17) 



(5.18) 
(5.19) 
(5.20) 



VI. CLASSIFICATION OF THE FIELD EQUATIONS 

It will be instructive to find how the KK field equations (|4.2|) , ■ • •, ( |4.8j ) in section |IV| are 
related to the Einstein's equations in the standard null hypersurface formalism. Let us recall 
that, in the standard null hypersurface formalism, the Einstein's equations are classified into 
six main equations, one trivial equation, and three supplementary equations. Let G AB be 
the Einstein tensor. Then the Einstein's equations are classified as 

(A) main equations : G AB l B = 0, G AB m A m B = (6.1) 

(B) trivial equation : G AB mAfriB = (6-2) 

(C) supplementary equations : G AB nAm B = 0, G AB n/jiB = 0. (6.3) 



13 Here we may choose the orientation of the complex null tetrad m such that u = 0, since d/dv 
has a zero norm. 
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Moreover, the Bianchi identity G AB . B = can be used to prove the following lemma J7j: Sup- 
pose that the main equations hold everywhere; then (i) the trivial equation holds everywhere, 
and (ii) the supplementary equations hold everywhere if they hold at some v = constant 
hypersurface. 

In order to see what these classified equations are like in the Newman-Unti coordinate, 
we have to find the covariant null tetrads (I a, tla, tha, tua) in the Newman-Unti coordinate 
first, and then form the above combinations using them. Notice that Ia is already given by 
the equation ( |5.4| ) in section |V|. To find rriA, we notice that 

m A = m B g A B 

= ug A - + CQAai (6.4) 

since m + = 0, m~ = u, and m a = £ a . Thus, using qab in ( |3.16| ) in section [TTI|, we find that 
the coefficients of the complex null tetrad m are given by 

m+ = -u + i a A^ (6.5) 
m_ = 0, (6.6) 
m a = f a , (6.7) 

where f a = <t> a b£, b - Similarly, the equation 

n A = n B g A B (6.8) 

gives 

n + = -2h-U+ {u;^ a + ij^ a )A + a , (6.9) 

n_ = -1, (6.10) 

n a = u}£ a + u£ a , (6.11) 

where we used the equation (|5.11[ ) and ( |5.16| ) in section |V[ 

Let us now write the main equations, the trivial equation, and the supplementary equa- 
tions in the Newman-Unti coordinate. G ab Ib can be written as 

G AB l B = -G AB 5 B + = —G +A . (6.12) 

Therefore we have 

G ab Ib = <^=^ = 0, G + - = 0, G +a = 0}. (6.13) 

Also G AB mAvriB becomes 

G AB m A m B = G ++ m+m + + 2G +a m + m a + G ab m a m b 
= G ab m a m b 

= G ab Ub, (6.14) 

where we used the equation ( |6 . 1 3| ) . Thus the main equations (|6.1|) are equivalent to the 
following set of equations 



20 



(G AB l B = \^\G ++ = 0, G+~ = 0, G +a = 0\ f . 

\ G AB m A m B = J \ G ab Ub = J " ^ 15 > 

Notice that G AB m A rh B becomes, 

G AB m A rh B = G ++ m + rh + + G +a m + rh a + G a+ m a m + + G ab m a rh b 
= G ab m (a m b) 

= (6.16) 

using the main equations. Therefore we have the following correspondence 

G AB m A m B = <{=► G a6 £(a6) = 0, (6.17) 

assuming that the main equations hold. Let us consider the supplementary equations now. 
Using the main equations ( |6.15| ), G AB n A m B becomes 

G AB n A m B = G ++ n + m + + G +a n + m a + G~ + n_m + + G~ a n_m a + G a+ n a m + 
+G ab n a m b 
= G~ a n_m a + G ab n a m b 
= -G~ a ia + uG ab Ub + uG a %£ b) 

= -G- a £ a} (6.18) 

where in the last line we used the equations 

G ab U b = = G a % a £ bh (6.19) 

which follow from the equations ( |6.15 ) and ( |6.17|) . Thus, provided that the main equations 
and the trivial equation hold, we find that 

G AB n A m B = = -G- a £ a . (6.20) 

This equation, together with its complex conjugate 

G-% = 0, (6.21) 

yields 

2G- a £ (a &) = G- a <p ab = 0. (6.22) 

This shows that the following sets of equations are equivalent, 

G AB n A m B = G- a = 0, (6.23) 

provided the main equations and the trivial equation hold. Finally let us notice that 
G AB n A n B becomes 
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G AB n A n B = G ++ n + n + + G~~ + G ab n a n b + 2G+~n+n_ + 2G +a n+n a 
+2G~ a n_n a 
= G~~n_n- + G ab n a n b + 2G~ a n_n a 

= G , (6.24) 



where we again used the main equations and the trivial equation. From ( 6.23 ) and fl6.24|) . 
we find that the followings are equivalent: 



G AB n A m B = \ f G- a = 
G AB n A n B = I ^ 1 G— = 



(6.25) 



Putting these results together, the Einstein's equations in the standard null hypersurface 
formalism become, in the Newman-Unti coordinate, as follows: 

, . . (G AB l B = } \ G ++ = 0, G+- = 0, G +a = } 

(A) mam equations : < „ AR _ > -<=>- < „ nh . ^ _ > , 

(5) trivial equation : G AB m A m B = G ab C,^ b ) = 0, (6.26) 

, . / G AB n A m B = 1 / G- a = 1 

(C) supplementary equations : j G AB n A n B = | | G — = f' 

Having expressed the main equations, trivial equation, and supplementary equations in 



the Newman-Unti coordinate, we now wish to group the KK field equations (|4~2), ■ • -, 
in accordance with the above classification. Let S be the Einstein-Hilbert action. The 
variation of S with respect to the metric^ Qab is given by 

5S = J G AB 5g AB + surface terms 

= J G^Sg^ + J 2G tM 5g ta + J G ab 5g ab + surface terms, (6.27) 



where the integration is over 4-dimensional spacetime. In terms of the KK variables ( |2.2|) 
in section [II], the metric variations can be written as 

Sg^ = h»v + A*A b 5<p ab + faAfSAf + (f> ab A v b 5A;, (6.28) 

5 9lM = A b 5<j) ab + faSA*, (6.29) 

8 gab = d4>ab- (6.30) 

Therefore SS becomes 

SS = J G^5 llMU + J 2(G^(P ab A u b + G» b ab )6A; 

+ J (G» u A*A b + 2G m A b + G ab )5<p ab + surface terms. (6.31) 
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Here the notations are as before, i.e. A = (fi, a); \x = (0, 1) or (+, — ), a = (2, 3). 
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If we equate the coefficients of each variation in ( |6.3I| ) to zero, we could obtain the Einstein's 
equations written in terms of the general KK variables without any gauge-fixing. If we use 
the gauge condition ( |3.2| ) in section [III] at the end of the above variations, then we find 
that0 

5S = J {G++<5 7++ + 2G+-<5 7+ - + G~ <J 7 __ + 2(G+ + <p ab A^ + G+-^A_ 6 + G; b <p ab )6A + a 
+2(G v + <p ab A^ + G--<j> ab A> + G; b <p ab )6A_ a 

+ (G+ + A*A b + 2G+-A«A> + G p -A_ a A^ + 2G+ a A* + 2G p a A* + Gf)6cj) ab } 
+surface terms. (6.32) 

The equations resulting from these variations will be precisely the KK field equations, i.e. 



the equations QOf) , ■ • •, (|4.8|) in section [TVJ Notice that the equations of motion of 4> a b, 



G+ + A + a A + 6 + 2G+~A^A* + G~-A^A* + + 2G~ a A* + Gf = 0, (6.33) 

can be split into three equations by taking trace with <p ab) and by multiplying with £ a £b and 
its complex conjugate. The resultant equations are 

(d) G; + <p ab A + a Af + 2G;-<p ab A«A^ + G p ~<p ab A«A^ + 2G+ a <p ab A^ 

+2G p a <j> ab A^ + Gffa = 0, (6.34) 

a\2 I o/^H — A a \(C A b\ < r~i (c A a ^2 i 0/^ y + a C C A b 



(e) Gj + (M+T + 2G+-(£^ + a )(6,A_ 6 ) + G--(i a A*Y + 2G+ a ^ 



+2Gp a eae^_ + G?^a6 = 0, and c.c, (6.35) 



which correspond to the equations ( |4.5|) and (|4.6|) in section [IV] obtained by the variations 
with respect to cr and p ab (detp ab = 1). Thus, together with the equations ( |6.34| ) and ( |6 .35[ ) , 



the complete set of the KK field equations in terms of the Einstein tensor becomes, in the 
Polyakov gauge, 

(6.36) 
(6.37) 
(6.38) 
(6.39) 
(6.40) 



(a) 


Up 


= 0, 








(b) 




PabA^ 


+ g;- 


j* ab A» + G^\ 


^ab = 0, 


(c) 


G p + < 


PabA^ 


+ G P - 


UA* + G p \ 


boh = 0, 


(f) 


Gp 


= 0, 








(9) 


G p 


= 0. 









Notice that the right hand side of the classification Q6.26 ) requires the main equations be 



valid throughout. Thus, if we assume that G p + = 0, Gp = 0, G p a = 0, and A_ a = 0, the 
equations (|6.34j) , • • •, ( |6.40|) become, 



15 Here the subscript p in G P B stands for the Einstein tensor G AB evaluated in the Polyakov gauge 



) in section III 
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(6.41) 
(6.42) 
(6.43) 
(6.44) 

and c.c., (6.45) 

(6.46) 
(6.47) 

It is well-known that the four equations G~ A = 0, when x~ = v is viewed as the time 
coordinate, are the four constraint equations of the vacuum general relativity. These are the 
equations ( 6.43|) , Q6.46 ), and ( |6.47|) , which correspond in the KK formalism to the constraint 
equations (f4.4|) , (fl7|), and ([O]) in section |TV|, since only the first t>-time derivatives appear 
in these equations. 



(a) 


g; + = o, 




(b) 


c; a = o, 




(c) 


G p a = 0, 




(d) 


?(a?6) — 


0, 


(e) 


G p 4(a<U) = 


o, 


(/) 


Gf - = 0, 




(g) 


G" = 0. 





VII. DISCUSSIONS 

In this paper, we presented the KK formalism of general relativity of 4-dimensional 
spacetimes, viewing the spacetime as a fibred manifold, namely, a local product of the 
(l+l)-dimensional base manifold and the 2-dimensional fibre space. Within this framework, 
we made a decomposition of a given 4-dimensional spacetime metric into sets of fields which 
transform as a tensor field, gauge fields, and scalar fields, with respect to the group of 
diffeomorphisms of the 2-dimensional fibre space. Moreover, using the Polyakov gauge, we 
arrived at an amazingly simple expression of the Einstein-Hilbert action, i.e. a Yang-Mills 
type gauge theory action coupled to a non-linear sigma field and a scalar field. Then we 
presented the Einstein's equations in terms of these fields. 

This KK approach has several advantages, as we already mentioned. In connection with 
issues of quantum gravity, this approach has the following aspects which deserve further 
remarks. First, the problem of solving the Einstein's constraint equations is known to be 
one of the most important tasks in quantum general relativity. Remarkably, in the (2,2)- 
KK approach, the diffeomorphisms of the 2-dimensional fibre space turns out to be a local 
gauge symmetry, exactly as in Yang-Mills theory. Therefore the two constraint equations 
associated with these diffeomorphisms can be automatically solved, by using the diffA^- 
invariant quantities. However, there are two additional constraint equations which require 
further studies || in order to fully take care of the four Einstein's constraint equations. 

Second, the Polyakov gauge is shown to be equivalent to the Newman-Unti coordinate, 
modulo the diffA^ transformations. It is well-known that, in the null hypersurface formalism 
in the Newman-Unti coordinate, the physical gravitational degrees of freedom can be easily 
isolated, whereas in the standard (3+l)-formalism or in the ADM formalism such an isolation 
can be done only in the linearized theory. Hence the KK formalism in the Polyakov gauge 
shares this salient feature of the null hypersurface formalism: it is the non-linear sigma field 
p a b with a unit determinant that is precisely the physical gravitational degrees of freedom, 
which are also known as the conformal 2-metric of the transverse 2-surface in the null 
hypersurface formalism. 
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Third, it is also of interest to find how the lightcones fluctuate in quantum gravity. In 
the formalism it is quite easy to address this issue. Recall that a lightcone is a collection of 
null vector fields originating from a given spacetime point. The relevant null vector field is, 
as given in section [V| (with u> = 0), 

d d d 
H du ^ dv ^ + dy a ' 

which clearly has a zero norm. This vector field is controlled by the fields h and A+. 
Therefore, by quantizing these fields, we can quantize the lightcone itself without referring 
to any background spacetime geometry. 

Fourth, it should be mentioned that the Lie derivative appears naturally in this formal- 
ism, via the minimal couplings to the diffiVV valued gauge fields. In the standard (3+1)- 
formalism, the natural derivative operator is the metric-compatible covariant derivative, 
which requires the metric be non-degenerate. The Lie derivative, on the other hand, can 
be defined even when the metric is degenerate. Therefore, the KK formalism, based on 
the notion of the Lie derivative, should be extendable to spacetimes where the metric is 
degenerate, which would be hard to describe in conventional approaches. 

One may also attack more "practical" problems in classical general relativity. For in- 
stance, we expect the KK formalism to be useful for problems such as finding exact solutions 



of the Einstein's equations [p4|, in view of the fact that the null hypersurface formalism, 
particularly the Newman- Penrose version, has been proven extremely useful for such prob- 
lems. To those problems concerned with asymptotically flat radiative spacetimes || or 
gravitational waves in general, the new formalism may be also applicable. A related but 
probably more challenging problem is to reinterpret all the known exact solutions of the 
Einstein's equations from the perspective of the Yang-Mills type gauge theories coupled to 
the non-linear sigma field and a scalar field on the (l+l)-dimensional base manifold. This 
seems very interesting, for there are a number of exact solutions of the Einstein's equations 
which do not permit a sensible physical interpretation from the 4-dimensional spacetime 



perspective p5| . 



Finally, we would like to remark on the question of finiteness of quantum gravity. Since 
the question whether a theory is renormalizable or not depends critically on what spacetime 
dimensions the theory is defined on, this (l+l)-dimensional description of general relativity 
of 4-dimensions may lead to a happy conclusion that quantum gravity is, after all, a finite 
theory, at least when viewed from this (l+l)-dimensional field theory perspective. 
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APPENDIX A: DIFFiV 2 TRANSFORMATIONS 

In this Appendix we shall first derive the finite transformation properties (|2.5|) , (|2.6j ), and 
( p.7| ) and the corresponding infinitesimal transformation properties ( |2.9| ), ( [2.10| ), and 



and then show that D^ab and F^ u a transform covariantly under the diffiV 2 transformations, 
as given in ( |2.16| ) and ( [2.17| ) in section [TT]. The spacetime metric at the point (x 11 , y a ) is 



given by (|2.2j ) in section ||, 

ds 2 = -y„„dx»dx v + <pab(dy a + Afdx?) (dy b + A b dx v ) 

= (l,u + </> ab A l ?A v b )dx»dh? + 2<f) ab A;dx»dy b + <p ab dy a dy b . (Al) 

Let us consider the following arbitrary transformation of the ^"-coordinate at each point of 
the base manifold x M , while keeping x^ constant, 

y' a = y' a (x,y), 

= x", (A2) 

where y' a (x,y) is an arbitrary function of x M and y a . Then we have 

dx» = dx», (A3) 

or equivalently, 

dx^ = dx". (A4) 

Thus we can express the metric at the point y a ) in terms of the differentials of the new 
coordinates dx ^ and dy a . The term proportional to dx^dy a in ( |A"If ) becomes 

2<p ab {x,y)A;{x,y)dx»dy b 
= 2<p ab (x,y)A;(x,y)dx»(^){dy c - (%£)dx'»} 

d y b \x i \( d y a \i d y d \ a e< x , '«r , ' C (Qy~ 



= 2 (^)(^)^»)(^)v(-.»)^"{*''- (§£)<«*"}■ < A5 > 

where the y a )-dependence of each field is shown explicitly, and the identity 

CM) 

was used. The term containing dy a dy b becomes 
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(p ab (x,y)dy a dy b 
Therefore the line element (IA1I) becomes 



rfs 2 = {-f^(x,y) +4> ab (x,y)A ll a (x J y)Aj'(x,y)}dx t *dx u 

+ (^)(S) w *'» ) ^'°*''- 2 (^)*' w, ' + (^)(^)' il! ''' to '"} 

■dy a \/dy b \ fdy' d \ /r v /<9j/ c ' 



+2 (^)(^)**^»)(^)v(*.»w{*'' - (i^KI 

l liv {x,y)dx ll dx' v + {^^{^p) ( t ) ^{x,y)dy' c dy d 











\dx^ J 





(A8) 



which must be equal to 

= ^(x'^dx'dx" + cj ) ' ab (x\y'){dy' a + A'^x* \y')dx'»}{dy' b + 4, V> 3/0 (A9) 

due to the diffeomorphism invariance. If we compare terms containing dy' a dy' b in (|A8|) and 
flA9|), we find that 

which shows that 4> c d(x, y) is a tensor field with respect to the diffA^ transformations. Then 
we may write the line element ( |A8|) as 



+^\v , ){{%)a^v) - ^}{{%)K(x,v) - (Aii) 

From this expression, we find the transformation properties of A®(x,y) and 7^(2,?/), 

7^(^2/0=7^(^2/)- (A13) 
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The equations ( [A10Q , (|A12|) , and ( |A13|) are the equations Q2.5|) , ( |2.6| ), and ( |2.7| ) in section 

The infinitesimal versions of the above finite transformations can be also found by con- 
sidering the following transformations 



y' a = y a + C(x,y) (0(£ 2 )«i; 



2^ = 2^, 



where £ a is an arbitrary, infinitesimal function of x^ 1 and y a . Thus we have 

dy c c dy c ' 



or 



dy c _ §c d£ c 

Q y 'a a g ya + 



(A14) 



(A15) 



(A16) 



where ■ • • means terms of 0(£ 2 ). Let us expand the left hand side of the equation ( |A10|) 
using (|A14|) . It becomes 



d 

tabi?* v + = fiabfa y) + £ c -g-^a&0, y) + ~ 



(A17) 



whereas the right hand side becomes 

dy c \ / dy d \ , / <9£ 



( - ) ^ )Mx , ,) = (v _ - + . . . ) {s < _ g! + . . . ,) 



^dy' a > ^dy 



dy 



dy b 



<Pab{x,y) - Tr-4>cb(x,y) - -^-r(j) ac (x,y) + 



dy a 



dy b 



(A18) 



From ( |A17| ) and ( |A18| ), we therefore have 



[x,y) = <P'ab(x,y) - (j>ab{x,y) 



d 



-i C TT-Aab{.X,y) - 7—(j>cb(x,y) ~ ^T^ac(x,y) 



dy 
-[€,4>]lc* 



dy a 



dy b 



(A19) 



where the subscript l denotes the Lie derivative of (p a b along the vector field £ = (, c d/dy a , 
i.e. 



d <9£ c d£ c 



(A20) 



It is a straightforward exercise to derive the infinitesimal transformation properties A a and 
7^ from the finite transformations ( [A 12] ) and ( |A13| ). They are found to be 



dx^ 

hnv{x,y) = -[«C,7^]l, 



(A21) 
(A22) 
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where the Lie brackets are defined as 



c d^ a c d 

[ A ^ f ]£ = A VQ^ ~ ^^f A ^' 

d 



(A23) 



The equations ( |A19j ), ( |A21| ), and ( |A22| ) show that (p a b, A®, and 7 M „ behave like a tensor 
field, gauge fields, and scalar fields under the diffTV^ transformation, respectively. These are 
the equations (|21J),([DI]), and ( |2.11| ) in section |TJ. 

Let us also derive the following transformation properties of D^ipab and F^ u a under the 
diffA^ transformations, 



S(Dn<j>ab) = -[£,-D M 0]La&, 

as given in equations ( |2.1(j| ) and ( |2.17| ) in section |TJ. Notice that 

5(D^ ab ) = d„{5(j> ab ) - {5A^{d c ct> ab ) - Afdtffa) - d a (5A;)(j> bc 

-{d a A;)84 bc - <9 6 (<Ly)0 ac - (9 fe A M c )50 ac 
+(d a A;)[^ 0] L6c + d b (D,e)ci>ac + (d b A;)[z, 0] Lac 

= -^([C, ^Lab) + [A„, [£, 0]l] L o& + 0]La6, 

using the equations ( |A19| ) and (|A21| ), and the following Lie brackets 

[a„ [e, 0] L ] L a b = A^d c (% 0] Lafc ) + (a a A/)[e, 0] Lbc + (£u;)[£, 0] Lac , 

Using the Leibniz rule of the derivative <9 M 



(A24) 
(A25) 



■>bc 



\Lab 



\hab 



and the properties of the Lie bracket 



[D^, <P]hab = [9^, 4>}hab ~ [[Aft, 0]Lafe, 



(A26) 



(A27) 
(A28) 



(A29) 



(A30) 
(A31) 



we find that 



-[£,£V/>]La6- 



The infinitesimal variation of i 7 ^ can be obtained in a similar way. It becomes 



(A32) 
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5 V = d„(5A v a ) - [SAp, A v ]l - Qi «-> V ) 

= -d,{d u C - [A u , $1} + [D& A v ]l ~{^^v) 

= dJ[4,,t]l) + [D»t,A v ]l -{n^ u). (A33) 



Using the following identities 

dp([A v ,i]£) = %A v ,i]l + [A u ,d^]l (A34) 
[D^A v \l = -[A v ,D^] a h = + [A u , [A^dl, (A35) 

we find that 

8FJ = [d,A u , £]£ + [A v , [A„ £]J£ 

= [d,A v - d u A„ £]£ + [A,, [A„ flj- - [A„ [A„, fl L ]£ 

= -[£,«, (A36) 
where we used the Jacobi identity 

[A. [A M) ey£ = -[i4„, K.AJJE - K, [A v ,Ap]j]l (A37) 
Therefore it follows that 

5F^ = -^F, U }1 (A38) 
APPENDIX B: THE EINSTEIN-HILBERT ACTION IN THE (2,2)-SPLITTING 



In this Appendix we shall describe the procedure of obtaining the scalar curvature fl2-18|) 



in section |IJ of 4-dimensional spacetime. In the (2,2)-splitting of spacetime, we regard the 
4-dimensional spacetime in question as a local product of a (l+l)-dimensional base manifold 
M 1+1 and a 2-dimensional fibre space N 2 , whose basis vector fields are and d a , respectively. 
The (l+l)-dimensional space orthogonal to the fibre space N 2 is called the horizontal space, 
generated by the vector fields that can be written as linear combinations of <9 M and d a , 

d, = d,-A;o a , (Bi) 

where A® are the coefficient functions of (x^,y a ). Let d a be such that 

d a = 9 a . (B2) 

The basis (<9 M ,<9 a ) is called the horizontal lift basis [[HJ], and the metric coefficients in this 
basis are given by 
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Here 7^ and 4> a b are the metrics of the horizontal space and the fibre space, respectively, 
and that 

9»a = (B4) 

is a consequence of the orthogonality of the horizontal space and the fibre space. In general, 
the horizontal lift basis vector fields are anholonomic, 

[d A ,d B }=f AB c d c , (B5) 
where f AB c are the structure functions satisfying the relation 

f c 

\m ■ 



f AlF = f\AB] C - ( B6 ) 



These structure functions are found to be 



^ a r a rp a 

f,a = 'fa, = daAf, (B7) 



and zero otherwise. Here F^ u a is defined as 

F»: = d,\ a - d,A; - [A„ A v \l, (B8) 

as before. 

The formulae of the connection coefficients and the curvature tensors in the anholonomic 
basis can be found in [I||,fnj . In the horizontal lift basis where the metric is given by ( |B3| ) . 
they are given by 

f ab = \f D {dA9BD + d B g AD - d D g AB ) + hf D (f ABD - f BDA - f ADB ) , (B9) 

Rabc° = 9 A T BC D — d B T AC D + Y AE D Y BC E — ^be'^ac ~ fAB E ^E(Fi (BIO) 
Rac = Rabc B i ( B11 ) 
R = g AC Rac-i (B12) 

where Jabc = 9cof ab D ■ Notice that in this basis Y AB is, in general, not symmetric: 

TabITba if fAB°^0- (B13) 
In components the connection coefficients are given by 



"p Oi 

/J.U 



\l aP (d»l»p + &7«8 - <W) > (B14) 



2 

1 1 



V = -^ ab d b i, v - -F^, (B15) 

r * = t a ; = \i» a d alm + lr a <P ab F', (Bi6) 



J = \<f> b %<f>ac + \d a A* - I^^a; 
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l^D^ + daA^ (B17) 



2 

f a ; = l<P b %<p ac - \d a A> - ±<p bc <p ae d c A; 

1 ,bc 



D^ aC} (B18) 

f J = ~Y u d u <p ab + ±Y u <P ac d b A u c + l -^4> hc d a A v c 

= -IfD^ (B19) 
f ab = \<p cd (d a <p bd + d b <J) ad - d d <f) ab ), (B20) 

where d^ a p and d^4> ab are given by 

dfijap = - A^d c >y a p, (B21) 

d^ab = d^(p ab - A°d c (f) ab , (B22) 

and D^ah is denned as 

D^<p ab = - A^d^ah - (d a A^)<p bc - (d b A°)<f) ac 

= d^ ab - [A„, 0] Lab . (B23) 

Here [A M ,0] La fe is the Lie derivative of <p ab along the vector field A^ = A®d a . From ( |B14[ ), 
• • •, ( P20|) , we also find the following useful identities, 



y n — 


f 4 = \l ap d vl ^ 


(B24) 


r V — 

[ia 




(B25) 


■p a 

ua 


]f h DAab + d a A u a , 


(B26) 


■p a 

au 


^ ab D u <p ab , 


(B27) 


1 ab — 


\cf> aC d b (t>ac. 


(B28) 



The scalar curvature R of the 4- dimensional spacetime is given by 

R = g AB R 



AB 

-fR^ + ac iL, (B29) 



where R^ v and R ac are given by 

Rac = R a bc 6 + R aac a i ( B30 ) 



R = R a I p a 
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respectively. The quantities j^R^ and 4> ac R ac are found to be 

-(DM(D^ cd )} + 1(V M + f c ;)^ + i(v a + f J*) j", (B31) 
<TiL = <p ac Rac - \r u l a ^ ab F m a Fj + \r b r v l af) {{dal» a ){d h l v p) 

-(dal^)(d bla p)} + ~(V„ + f c ;)j^ + i(v a + f Q «)j a , (B32) 
respectively, and the scalar curvature R is given by their sum, 

+ (V, t + T c ;)f + (V a + f aa Q )j<\ (B33) 

We summarize the notations below: 

1. R^ is defined as 

Rfiu = d^T av — d a T ^1 + f r ai f — T^J . (B34) 
Notice that the connection coefficients V" are given by 

V = ~7 Q/3 (<W + <W - <W) , (B35) 

and that is defined using the metric 7^ of the horizontal space and the horizontal vector 
fields <9 M only. Therefore i?^ is the Ricci tensor of the horizontal space. 

2. R ac is defined as 

Rac = d a T bc b — d b T a b + T ad T bc d — T db d T a b . (B36) 
The connection coefficients T ab of the fibre space N 2 are given by 

f ah" = \\> C \da4>M + d b <j) ad - d d <j> ab ). (B37) 

Therefore R ac is the Ricci tensor of A^- 

3. For completeness, we quote here the definition of the diflW 2 -field strength F^ u a and the 
diflW 2 -covariant derivative _D M a 6, 

= d^A u a — d v A® — [Aft, A u ]l, 
D^ab = d^cfrah - [Ap, (j)} Lab . (B38) 

As is shown in Appendix [A], F a and D^(f) ab transform covariantly under the diffA r 2 trans- 
formations. 
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4. The derivative operators V M and V a are the natural derivative operators compatible with 
7 Q/ 3 and <f>\, c . In the horizontal lift basis, the compatibility conditions can be written as 



5 

Vafoc = d a <f) bc - tjfa - Vj6 bd = 



>i„ - ' o,i,. 



0. 



(B39) 
(B40) 



respectively. These properties can be also checked using the formulae ( |B14| ) and ( |B20| ). 
5. We also defined j M and j a as 



f = 7 



Thus V M j M and V a j a are given by 

V a j a = d a f + T ab a j b , 



(B41) 
(B42) 



(B43) 
(B44) 



respectively 

The last two terms containing and j a in ( |B33|) turn out to be surface terms in the 
action integral, as can be seen in what follows. Let us consider the term that contains j^. 
It becomes 



The first term in the right hand side of ( |B45| ) can be written as 
and the second term becomes 



(B45) 



(B46) 



Using the equations (P24|) and ( |B27|) , the last two terms in ( P45|) can be written as 



(B47) 



7 (^7 Q/3 <W + ^D^f 

(^1 aP d»lap - \A^d claP + U a %<t>a b - lA;r b d c <Pa b - d c A;)f. (B48) 
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From these, we find that ( |B45|) is indeed a total divergence, 

(V„ + t c ;)f = 5 M (V=7V^J") " d a (V^^fiA;f). (B49) 
Similarly, we can show that the following is also a total divergence, 

y/=yyfi (V Q + t a «)f = d a (V=l^j a )- (B50) 

Thus the Einstein-Hilbert action integral in this (2,2)-KK formalism can be written as 

1 

X 



S= jdVy^l^ Y u R,u + <p ac R ac + -Y u l aP <Pa b F^ a a Fj 



+ -r u (t> ah (t> cd {{D^ ac ){D v <p bd ) - {D^ ab ){D v <p cd )} 



+-A ab Y u i aP {{d al , a ){d hlvP ) - {d al ^){d blaP )} 



+ Id xd y 



(B51) 



APPENDIX C: THE POSITIVE DEFINITENESS OF k 



.2 



In this section we will show that k 2 , defined in ( [4.11 ) in section |TV| , is positive definite. 
To this end, it is convenient to work with the superspace indices A' = (ac), B' = (bd) such 
that 



Pa 1 — Pac, Pb' — Pbd- 
Define the metric Ga'b 1 on the superspace and its inverse metric G A ' B ' by 

1 



Ga'B' 

G A>B 



2 

' /?' 1 



{pabPcd + PadPcb), 

-( P V d + P a V b ), 



respectively, so that the following relation 



r<A'E' r< - 

UR'B' — B , 



holds. Here the superspace Kronecker delta is defined as 



$ A B' = ^b^d + ^d^b)- 

This supermetric raises and lowers the superindices 

n A'B' A> 

G p B > = p , 

J3' 



(CI) 

(C2) 
(C3) 

(C4) 
(C5) 



Ga'b'P — Pa 1 - 



(C6) 
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Then k 2 can be written as 

k 2 = l -p 0h p cd {D_p ac ){D_p M ) 

= \G A ' B \D_p A ,){D_p B ,). (C7) 

The positive definiteness of k 2 comes from the positive definiteness of the supermetric G A ' B ' . 
Let us notice that, when p ab = 5 ab , this supermetric becomes 

G A ' B ' = diag(+l, +1/2, +1), (C8) 

which is positive definite. By continuity, it follows that 

k 2 > 0. (C9) 
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